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In this paper, we apply the orbifold GUT mechanism to the SU(5) model in noncommutative
geometry, including the fermionic sector. Imposing proper parity assignments for “constituent
fields” of bosons and fermions, the couplings between fermions and the heavy bosons Xμ, Yμ,
and H c are prohibited by the parity symmetry. As a result, the derived fermionic Lagrangian is
just that of the standard model, and proton decay is forbidden at tree level. If quantum fluctu-
ation respects the parity symmetry, the process will be naturally suppressed or even forbidden
completely.
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1. Introduction
The grand unified theory (GUT) [1,2] is one of the most attractive candidates beyond the stan-
dard model (SM). This concept is widely applied to other regions, supersymmetry [3,4], and family
unification [5–7], with or without an extra dimension [8,9].
GUT is also applied in the Higgs mechanism inspired noncommutative geometry (NCG) [10–15].
Chamseddine, Felder, and Frölich proposed an SU(5) GUT model in NCG [16,17]. In this context,
the underlying spacetime is considered to be product of Minkowski spacetime and discrete points,
M4 × Zn . The Higgs boson is regarded as a gauge boson between discrete points that has noncom-
mutative differential algebra. An advantage of this application is that the couplings of the Higgs
sector are tightly determined from noncommutativity and the compositeness-like formulation. By
contrast, a shortcoming is that quantum theory is not established completely. The original paper has
followed by several authors [18–22], and extended to an SO(10) model by the original authors [23].
Meanwhile, when a model in this context is interpreted as a theory with an extra dimension [24,25],
several mechanisms in the usual extra dimension can be diverted to the models in NCG, such as
the (de)construction [26]. Based on this idea, in the previous study, we applied the orbifold GUT
mechanism [27] to the SU(5) GUT in NCG [28]. However, the application remained in only the
bosonic sector. Therefore, in this paper, we apply the orbifold GUT mechanism to the SU(5) model
in NCG, including the fermionic sector. This study corresponds to Refs. [29,30] in the usual orbifold
GUT theories. In order to achieve a correct breaking scheme of SU(5), the background spacetime is
assumed to be M4 × Z3. Imposing proper parity assignments for “constituent fields” of bosons and
fermions, the couplings between fermions and the heavy bosons Xμ, Yμ, and Hc are prohibited by
the parity symmetry. As a result, the derived fermionic Lagrangian is just that of the SM, and proton
decay is forbidden at tree level. If quantum fluctuation respects the parity symmetry, the process will
be naturally suppressed or even forbidden completely.
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Moreover, the application of the orbifold GUTmechanism to the fermion sector may bemeaningful
for model building. In early papers of the NCG [13,15–17], the ad hoc chiral condition is usually
imposed on the fermions in order to produce chiral Yukawa couplings. However, if we consider the
NCG model as a model with an extra dimension, especially with several branes [21], these chiral
fermions will generate a brane anomaly. This is a mirror fermion problem [31]. By the orbifold GUT
mechanism, we can eliminate mirror fermions in the proper situation. This enables us to implement
a new kind of theory in NCG: family unification in the extra dimension [9].
This paper is organized as follows. In the next section, we review the basic formulation of general-
ized gauge theory in NCG. In Sect. 3, the SU(5) model and orbifold GUT mechanism are presented.
Section 4 is devoted to conclusions.
2. Generalized gauge theory on M4 × ZN
In this section, we present a basic formulation of generalized gauge theory on M4 × Z N . The orig-
inal papers utilize the Dirac operator and the Clifford algebra [10,16,17]. However, we follow the
formulation using the inner product of the differential forms, developed in [18,19]. The formulation
presented here is quoted from Refs. [18,19], and is basically the same.
2.1. Differential calculus and generalized gauge field
The background spacetime M4 × Zn is the direct product of the ordinary four-dimensional
Minkowski space M4 and discrete space Zn , with the coordinates (xμ, n = 1 − N ). In this space,
the generalized exterior derivative d is defined as follows:
d f (x, n) = (d + dχ ) f (x, n) , d f (x, n) = ∂μ f (x, n) dxμ,
dχ f (x, n) =
∑
m =n
dχm f (x, n) =
∑
m =n
[
Mnm f (x, m) − f (x, n) Mnm
]
χm,
where χ†k = −χk and M†nm = Mmn (n = m) are assumed. These matrices determine the distance
between two Minkowski spacetimes and the pattern of the spontaneous symmetry-breaking.
In order to preserve the usual Leibniz rule for the extra derivative dχ ,
dχm [ f (x, n) g (x, n)] =
[(
dχm f (x, n)
)
g (x, n) + f (x, n) (dχm g (x, n))] (n = m) , (1)
we should assume the following “index shifting rule”:
f (x, m) χm g (x, n) = f (x, m) g (x, m) χn. (2)
This is the source of the noncommutativity that corresponds to the relation y dy = −dy y in other
formulations [12–15]. For the “one form” Mnmχm f (x, m), the Leibniz rule is modified to be
dχl [Mnmχm f (x, m)] =
(
dχl Mnmχm
) f (x, m) − Mnmχm ∧ (dχl f (x, m)) , (3)
where
dχl Mnm = Mnm Mmlχl . (4)
Equation (3) corresponds to the usual graded Leibniz rule of the differential form,
d (ξ ∧ χ) = dξ ∧ η + (−1)∂ξ ξ ∧ dχ, (5)
where ∂ξ is the order of the differential form ξ .
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Utilizing this calculus, we can prove the nilpotency of d that is indispensable to constructing the
gauge theory. By the definition of d = d + dχ , the nilpotency condition is rewritten as
d2 f (x, n) = [d2 + ddχ + dχd + d2χ ] f (x, n) = 0. (6)
Enforcing the ordinary anticommutative relation dxμ ∧ χm = −χn ∧ dxμ, the condition is
reduced to
d2χ f (x, n) = 0. (7)
Here, we impose χm ∧ χk = +χk ∧ χm due to the noncommutative property of the background
spacetime. Nevertheless,
d2χ f (x, n) = dχ
∑
m
[Mnm f (x, m) − f (x, n) Mnm] χm (8)
=
∑
m,l
[
Mnm Mmlχl f (x, m) − Mnm [Mml f (x, l) − f (x, m) Mml] χl (9)
− [Mnl f (x, l) − f (x, n) Mnl] χl Mnm − f (x, n) Mnm Mmlχl
] ∧ χm (10)
=
∑
m,l
[+Mnm f (x, m) Mml − Mnl f (x, l) Mlm] χl ∧ χm = 0. (11)
In the last line, another index shifting rule, Fknχn Mml = Fkn Mnlχn [18], is applied. As a result,
d2 f (x, n) = 0. (12)
The proof of the nilpotency in the general case is also presented in [19].
Next, we consider the generalized gauge field A (x, n) in this space:
A (x, n) ≡
∑
i
a
†
i (x, n) dai (x, n) ≡ A (x, n) +
∑
m =n
nm (x) χm . (13)
Here, ai (x, n) is square-matrix-valued function and the summation over i is assumed to be a finite
sum. In the components, the gauge and Higgs fields are represented as
A (x, n) =
∑
i
a
†
i (x, n) dai (x, n) , (14)
nm (x) =
∑
i
a
†
i (x, n) [Mnmai (x, m) − ai (x, n) Mnm] (n = m) . (15)
According to [16–18], we impose the normalization condition
∑
i a
†
i (x, n) ai (x, n) = 1, which
leads to the following Hermitian condition:
A† (x, n) = −A (x, n) , †nm (x) = mn (x) . (16)
The gauge transformation property of the ai (x, n) is assigned to a fundamental representation
under the nth gauge transformation,
a
g
i (x, n) = ai (x, n) g (x, n) , (17)
where g (x, n) = g−1 (x, n)† is an arbitrary unitary matrix associated with the gauge group on the
nth M4 space. From Eq. (17), the gauge transformation of A (x, n) is derived as the standard form
Ag (x, n) = g−1 (x, n)A (x, n) g (x, n) + g−1 (x, n) dg (x, n) , (18)
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with M ′nm = Mnm . In particular, the following back-shifted Higgs field,
Hnm (x) ≡ nm (x) + Mnm =
∑
i
a
†
i (x, n) Mnmai (x, m) , (19)
transforms as a bifundamental representation,
H gnm (x) = g−1 (x, n) Hnm (x) g (x, m) , (20)
and is identified as a physical Higgs boson with a vacuum expectation value.
Regarding this connection A as a building block, we can construct the field-strength two-form F,
F (x, n) = dA (x, n) + A (x, n) ∧ A (x, n) , dA =
∑
i
da†i (x, n) ai (x, n) , (21)
and the gauge-invariant Lagrangian
LYMH = −14
∑
n
1
g2n
tr 〈F (x, n) ,F (x, n)〉 . (22)
Here, gn are independent coupling constants introduced on each nth space. The Lagrangian (22)
is subdivided into four terms: The first term is the pure Yang–Mills term with independent cou-
pling constants, the second is the Higgs kinetic energy term, the third represents the self-coupling
of Higgs Hnm , and the fourth term describes interactions among different Higgs, Hnm and Hml .
The derivation and explicit formula of Eq. (22) is in Refs. [18,19].
2.2. Fermionic Lagrangian
Next, we proceed to the fermion sector to construct the full Lagrangian. At first, we introduce the
generalized spinor one formDψ , and the covariant derivativeD acting on the spinor fieldψ (x, n) by
Dψ (x, n) =
(
d + A f (x, n)
)
ψ (x, n) . (23)
Here, A f (x, n) is the differential representation for the fermions ψ (x, n) such that
A f (x, n) = A fμ (x, n) dxμ +
∑
m

f
nm (x) χm . (24)
Note that A fμ (x, n)
(

f
nm (x)
)
does not necessarily agree with boson Aμ (x, n) (nm (x)) in the nth
space of M4.
We also define the extra derivative of the fermion as
dχψ (x, n) =
∑
m
dχmψ (x, n) =
∑
m
M fnmχmψ (x, n) =
∑
m
M fnmψ (x, m) χm, (25)
which leads to
Dψ (x, n) =
[(
∂μ + A fμ (x, n)
)
dxμ +
∑
m
H fnm (x) χm
]
ψ (x, n) . (26)
Here we used H fnm (x) =  fnm (x) + M fnm , and M fnm in Eq. (25) is the corresponding expression
to  fnm .
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Henceforth we investigate the gauge transformation property ofDψ (x, n). The gauge transforma-
tion of ψ (x, n) is defined to be
ψ (x, n)′ =
[
g f (x, n)
]−1
ψ (x, n) , (27)
where g f (x, n) is the gauge transformation function corresponding to the representation ofψ (x, n).
Due to this, A fμ (x, n) and H fnm should transform as
A fμ (x, n)
′ =
[
g f (x, n)
]−1
dg f (x, n) +
[
g f (x, n)
]−1
A fμ (x, n) g
f (x, n) , (28)
H fnm
′ =
[
g f (x, n)
]−1
H fnm g f (x, m) . (29)
From Eqs. (27), (28), and (29), we can easily verify that Dψ (x, n) is gauge covariant:
Dψ ′n =
(
g f (x, n)
)−1
Dψ (x, n) . (30)
In order to obtain the Dirac Lagrangian by the inner products of differential forms, the original
paper introduce the following associated spinor one-form [19]:
D˜ψ (x, n) = γμψ (x, n) dxμ − icY ψ (x, n)
∑
m
χm . (31)
Here, cY is a real, dimensionless constant which relates to the Yukawa coupling constant. It is obvious
that D˜ψ (x, n) is also gauge covariant,
D˜ψ (x, n)′ =
(
g f (x, n)
)−1
D˜ψ (x, n) . (32)
Finally, we introduce the inner products for spinor one-forms,〈
Andxμ, Bmdxν
〉 = A¯n Bm gμν, (33)〈
Anχk, Bmχl
〉 = − A¯n Bmα2δkl . (34)
Here, A¯n = A†nγ 0 denotes the usual Lorentz conjugate of the spinors, while other inner products
vanish.
Summarizing these considerations, the Lorentz and gauge-invariant Dirac Lagrangian is con-
structed by taking the inner product and the summation over n = 1 − N :
LD =
N∑
n=1
i
〈
D˜ψ (x, n) ,Dψ (x, n)
〉
(35)
=
N∑
n,m=1
ψ¯ (x, n)
[
iγ μ
(
∂μ + A fμ (x, n)
)
δnm − cY α2 H fnm (x)
]
ψ (x, m) . (36)
In particular, the last term of Eq. (36) provides the Yukawa couplings constant y = cY α2 between
Higgs and fermions.
3. SU(5) grand unified theory
In this section, we review an SU(5) GUT in the NCG, and implement the orbifold GUT mecha-
nism for the fermonic sector. Since the SU(5) GUT model has two symmetry-breaking scales, the
model requires N  3, which realizes more than two independent Mnms. Then we choose N = 3 to
construct the SU(5) GUT [16,18]. The indices n, m, l run the values 1, 2, 3 only.
5/11
PTEP 2015, 093B04 M. J. S. Yang
At the beginning, ai (x, (1, 2)) are assumed to be complex 5 × 5 matrices and ai (x, 3) is a real-
valued continuous function that satisfies Eq. (16),
∑
i a
†
i (x, n) ai (x, n) = 1. Moreover, a parity
symmetry between n = 1, 2 is imposed with the following parity condition for the fields:
ai (x, 1) = Pai (x, 2) P, (37)
where P = diag (−1,−1,−1,+1,+1). In order to break the gauge symmetry, this parity assignment
is found to be unique under proper assumptions [28].
The SU(5) gauge fields at each discrete point are calculated from the ai (x, n)s as
A (x, 1) =
∑
i
a
†
i (x, 1) dai (x, 1) = iT a Aa1 (x) ≡ A, (38)
A (x, 2) =
∑
i
a
†
i (x, 2) dai (x, 2) = iT a Aa2 (x) ≡ P AP, (39)
A (x, 3) =
∑
i
a
†
i (x, 3) dai (x, 3) = 0, (40)
where T a (a = 1, . . . , 24) are the generators of SU(5). In order to eliminate the redundant U (1)
generator, the following traceless condition is imposed:
TrA (x, 1) = TrA (x, 2) = 0. (41)
The matrix Mnm are fixed on as
M12 = M21 = Mdiag (1, 1, 1, 1, 1) ≡ 0, (42)
M13 = M23 = M†31 = M†32 = μ
(
0 0 0 0 1
)T ≡ H0, (43)
where M (μ) corresponds to the energy scale of GUT (SM) symmetry-breaking. These Mnms
determine the following back-shifted Higgs fields:
 (x) + 0 = H12 (x) =
∑
i
a
i †
1 MPa
i
1 P = PH21 (x) P, (44)
H (x) + H0 = H13 (x) =
∑
i
a
i †
1 M13a
i
3 = P H23 (x) . (45)
Here, the field H13 (x) (H12 (x)) is a 5 × 1 (5 × 5) matrix transforming like the 5 (1 plus 24)
representation under SU(5).
Substituting these results into Eq. (22), it is found that the Lagrangian contains the following mass
term of the 5 representation Higgs [28],
L 	 | (M P − M) H |2 = M2diag (4, 4, 4, 0, 0) H† H, (46)
and the gauge boson masses
L 	 |DμH12|2 	
(
AμM − M P Aμ P
)2 = (M AaˇμT aˇ)2 . (47)
Here, a = aˆ + aˇ, aˆ runs the generators of SU (3)c × SU (2)L × U (1)Y , and aˇ runs the broken gen-
erator except for those of SU (3)c × SU (2)L × U (1)Y . Equations (46) and (47) show that the parity
assignment condition Eq. (37) ai2 = Pai1 P invokes SU(5) symmetry-breaking, and provides the
colored triplet Higgs and broken gauge bosons with heavy mass of order M . Therefore, it is ade-
quate to regard that this symmetry-breaking by the condition (37) corresponds to the orbifold GUT
mechanism [27] of the GUT in NCG.
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3.1. Fermionic sector
Under the Z2 parity symmetry 1 ↔ 2, the 5 and 10 representation fermions in the SU(5) model are
assigned at each point as follows:
ψ (x, 1) = ψ (x, 2) = a1√
2
ψ10, ψ (x, 3) = ψ5, (48)
where a1/
√
2 is the normalization coefficient for the final expression, and only one generation is
assumed for simplicity. In particular, Eq. (48) indicates that ψ10 is assigned to even charge under the
parity symmetry. In components, the fermions ψ10, ψ5 are represented as
ψ
i j
10 =
⎛
⎜⎜⎜⎜⎜⎝
0 uc3 −uc2 u1 d1
−uc3 0 uc1 u2 d2
uc2 −uc1 0 u3 d3
−u1 −u2 −u3 0 ec
−d1 −d2 −d3 −ec 0
⎞
⎟⎟⎟⎟⎟⎠
L
, ψ i5 =
⎛
⎜⎜⎜⎜⎜⎝
d1
d2
d3
ec
νc
⎞
⎟⎟⎟⎟⎟⎠
R
. (49)
The subscripts L , R denote that they are chiral fermions. These are the ad hoc chiral conditions
explained in the introduction. Utilizing the orbifold mechanism, if a five-dimensional theory has a
vector representationψL ,R , there remain only chiral fermions in a low energy four-dimension theory.
However, in this paper, the parity assignment is spent to break SU(5) symmetry, and then we retain
the chiral condition Eq. (49).
Each ψ (x, n) transforms under the gauge transformation respectively as
ψg (x, (1, 2)) = g (x, (1, 2)) ⊗ g (x (1, 2)) ψ (x, (1, 2)) , (50)
ψg (x, 3) = [g (x, 1) + g (x, 2)]ψ (x, 3) , (51)
where g (x, n) is the gauge transformation function belonging to SU(5). In fact, Eq. (51) seems to
be an ad hoc condition. This point will be discussed in the next subsection. With this in mind, the
generalized spinor one-form Dψ (x, n) in Eq. (26) is taken to be
Dψ (x, 1) = a1√
2
[
∂μ +
(
Aμ ⊗ 1 + 1 ⊗ Aμ
)]
ψ10dxμ
+ a1√
2
( ⊗ 1 + 1 ⊗ )ψ10χ2 + (H ⊗ 1) ψ5χ3, (52)
Dψ (x, 2) = a1√
2
[
∂μ +
(
P Aμ P ⊗ 1 + 1 ⊗ P Aμ P
)]
ψ10dxμ
+ a1√
2
(PP ⊗ 1 + 1 ⊗ PP) ψ10χ1 + (P H ⊗ 1) ψ5χ3, (53)
Dψ (x, 3) = (∂μ + Aμ + P Aμ P)ψ5dxμ + a1√
2
(
1 ⊗ H†
)
ψ10χ1 + a1√
2
(
1 ⊗ H† P
)
ψ10χ2.
(54)
The associated spinor one-form is written as
D˜ψ (x, 1) = a1√
2
(
γμψ10dxμ − icdψ10χ2 − icdψ10χ3
)
, (55)
D˜ψ (x, 2) = a1√
2
(
γμψ10dxμ − icdψ10χ1 − icdψ10χ3
)
, (56)
D˜ψ (x, 3) = γμψ5dxμ − icdψ5χ1 − icdψ5χ2. (57)
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Summarizing the above discussion, we can obtain the Dirac Lagrangian
LD = a21 tr ψ¯10iγ μ
(
∂μ + 2AaˆμT aˆ ⊗ 1 + 1 + ⊗2AaˆμT aˆ
)
ψ10
+ ψ¯5iγ μ
(
∂μ + 2AaˆμT aˆ
)
ψ5 − y′d
[
ψ¯10 (H + P H) ψ5 + h.c.
]
. (58)
Note that the coupling between  and ψ10 disappears by the chirality condition, ψ¯10ψ10 = 0.
In particular, the explicit form of the Yukawa interactions are just those of the SM:
y′d ψ¯10 (H + P H) ψ5 + h.c. = 2y′d
(
q¯LαdR + l¯LαeR
)
HαSM + h.c., (59)
where HαSM = i
(
σ 2
)αβ H∗β , with H∗β = (H4,5)∗. The Yukawa coupling constant is y′d = 2α2cd .
In Eq. (58), it is clear that up-quarks are still massless. Thus, we consider the up-type Yukawa
interactions hereafter. Since the Dirac Lagrangian is written as an inner product form, the up-type
Yukawa interaction requires the introduction of a completely antisymmetric fermion ψ˜10, which is
transformed as a 10∗ representation of SU(5). In components, ψ˜10 is expressed as
ψ˜
i jk
10 =
a2√
24
i jklm
(
ψc10
)
lm , (60)
where i jklm is the completely antisymmetric tensor of SU(5), and ψc10 is the charge conjugation
of ψ10. We simply assign these ψ˜10 and ψ10 to each space as
ψ ′ (x, 1) = ψ ′ (x, 2) = ψ˜10, ψ ′ (x, 3) = a3ψ10. (61)
From Eqs. (60) and (61), the gauge transformation properties of ψ ′ (x, n) are:
ψ ′g (x, (1, 2)) = g (x, (1, 2)) ⊗ g (x, (1, 2)) ⊗ g (x, (1, 2)) ψ ′ (x, (1, 2)) , (62)
ψ ′g (x, 3) = [g (x, 1) + g (x, 2)] ⊗ [g (x, 1) + g (x, 2)]ψ ′ (x, 3) . (63)
Then, the covariant spinor one-form in Eq. (26) is found to be
Dψ ′ (x, 1) = [∂μ + (Aμ ⊗ 1 ⊗ 1 + 1 ⊗ Aμ ⊗ 1 + 1 ⊗ 1 ⊗ Aμ)] ψ˜10dxμ
+ ( ⊗ 1 ⊗ 1 + 1 ⊗  ⊗ 1 + 1 ⊗ 1 ⊗ ) ψ˜10χ2 + (H ⊗ 1 ⊗ 1) ψ10χ3, (64)
Dψ ′ (x, 2) = [∂μ + (P Aμ P ⊗ 1 ⊗ 1 + 1 ⊗ P Aμ P ⊗ 1 + 1 ⊗ 1 ⊗ P Aμ P)] ψ˜10dxμ
+ (PP ⊗ 1 ⊗ 1 + 1 ⊗ PP ⊗ 1 + 1 ⊗ 1 ⊗ PP) ψ˜10χ1
+ (P H ⊗ 1 ⊗ 1) ψ10χ3, (65)
Dψ ′ (x, 3) = (∂μ + [Aμ + P Aμ P]⊗ 1 + 1 ⊗ [Aμ + P Aμ P])ψ10dxμ
+
(
1 ⊗ 1 ⊗ H†
)
ψ˜10χ1 +
(
1 ⊗ 1 ⊗ H† P
)
ψ˜10χ2. (66)
Similarly, the associated spinor one-form is written as
D˜ψ ′1 = γμψ˜10 dxμ − icuψ˜10χ2 − icuψ˜10χ3, (67)
D˜ψ ′2 = γμψ˜10 dxμ − icuψ˜10χ1 − icuψ˜10χ3, (68)
D˜ψ ′3 = a3
[
γμψ10 dxμ − icuψ10χ1 − icuψ10χ2
]
, (69)
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where cu is the related up-type Yukawa coupling constant. Accordingly, we obtain the Dirac
Lagrangian for the second assignment:
L′D =
(
a22 + a23
)
tr ψ¯10iγ μ
(
∂μ + 2AaˆμT aˆ ⊗ 1 + 1 + ⊗2AaˆμT aˆ
)
ψ10
− y′u
[ ¯˜
ψ10 ((H + P H) ⊗ ψ10) + h.c.
]
, (70)
with y′u = 2cuα2. In particular, the explicit form of the Yukawa interactions are just those of the SM:
y′u
¯˜
ψ10 ((H + P H) ⊗ ψ10) + h.c. = y′u
a2√
24
i jklm
(
ψ¯c10
)i j (2HkSMψ lm10 )+ h.c. (71)
= y′u
8a2√
6
q¯Lu R H˜SM + h.c., (72)
where H˜SM = iσ 2 HSM ∗. Finally, summarizing the results of Eqs. (58) and (70), we obtain the final
form of the Dirac Lagrangian of the SU(5) GUT:
L = ψ¯SMiγ μ
(
∂μ + AaˆμT aˆ
)
ψSM −
[
yu q¯Lu R H˜SM + yd
(
q¯LdR + l¯LeR
)
HSM + h.c.
]
. (73)
Here, ψSM represents the SM fermions qL , u R, dR, lL , eR ,1 and the Yukawa couplings are found
to be yu = 8α2cua2/
√
6 and yd =
√
2α2cd . This fermionic Lagrangian is just that of the SM. The
couplings between fermions and the heavy bosons Xμ, Yμ, and Hc are prohibited by the parity
symmetry. As a result, proton decay is forbidden at tree level. If quantum fluctuation respects the
parity symmetry, the process will be naturally suppressed or even forbidden completely. Although
the process is too suppressed to detect in this case, other GUT groups such as SO(10), and other
parity assignments, might allow the baryon number violating interactions.
Meanwhile, the application of the orbifold GUT mechanism to the fermion sector may be mean-
ingful for model building. In early papers on NCG [13,15–17], the ad hoc chiral condition is usually
imposed on the fermions in order to produce chiral Yukawa couplings. However, if we consider the
NCG model as a model with an extra dimension, especially with several branes [21], these chiral
fermions will generate a brane anomaly. This is a mirror fermion problem [31]. By the orbifold GUT
mechanism, we can eliminate themirror fermion in the proper situation. This enables us to implement
a new kind of theory in NCG: family unification in the extra dimension [9].
3.2. Discussion
In this subsection, we comment on an obscure point in the above construction of the Lagrangian.
In fact, the conditions Eq. (51) and (63) are seem to be ad hoc conditions. The down-type
Lagrangian (58) is also schematically described as
LD =
∑
n,m
ψ¯n[iDMM ]nmψm
=
(
a1√
2
ψ¯10
a1√
2
ψ¯10 ψ¯5
)⎛⎜⎜⎝
Aμγ μ  H
PP P Aμ Pγ μ P H
H† H† P
([Aμ + P Aμ P]γ μ)
⎞
⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎝
a1√
2
ψ10
a1√
2
ψ10
ψ5
⎞
⎟⎟⎟⎟⎟⎠ . (74)
1 We normalized the kinetic term of decupletsψ10 as a21 + a22 + a23 = 1, [u R, qL , eR] → 1√2 [u R, qL , eR], and
Aaˆμ → 1√2 Aaˆμ.
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Here, DMM is the extension of the Dirac operator with M = 0, 1, 2, 3, 5. The 33 component of
the matrix
([
Aμ + P Aμ P
]
γ μ
)
is introduced only for fermions in this formulation. However, in the
original paper on SU(5) GUT in NCG [16,17], the authors treated fermions as a matrix rather than
a vector in Eq. (74):
 =
⎛
⎜⎜⎜⎜⎜⎝
a1√
2
ψ10
a1√
2
ψ10
ψ5
⎞
⎟⎟⎟⎟⎟⎠ ⇒ 
I J =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
1√
6
ψ
i j
10 0
1√
2
ψ i5
0
1√
6
ψ
i j
10
1√
2
ψ i5
− 1√
2
ψ
j
5 −
1√
2
ψ
j
5 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, (75)
where 1√
2
, and 1√6 are the normalization coefficients like a1,2,3. This corresponds to the situation
where the fermionψ5 is treated as a “link field,” or an intrinsic differential one-formψ = ψ (x) χ1,2.
In this case, we can anticipate that the undesirable gauge interaction will cancel between the two
ψ5s, and then the orbifold GUT mechanism also works successfully without the 33 component term([Aμ + P Aμ P]γ μ). Otherwise, we can also solve this point by adding an additional noncommu-
tative extra dimension (then the model would be a six-dimensional theory), such as M4 × Z2 × Z2
[22]. Introduction of ψ5 at two separated points leads to proper cancellation of the gauge interaction.
4. Conclusions
In this paper, we applied the orbifold GUT mechanism to the SU(5) model in NCG, including the
fermonic sector. Imposing proper parity assignments for “constituent fields” of bosons and fermions,
the couplings between fermions and the heavy bosons Xμ, Yμ, and Hc are prohibited by the parity
symmetry. As a result, the derived fermionic Lagrangian is just that of the SM, and proton decay
is forbidden at tree level. If quantum fluctuation respects the parity symmetry, the process will be
naturally suppressed or even forbidden completely.
Moreover, the application of the orbifold GUTmechanism to the fermion sector may bemeaningful
for model building. In early papers on the NCG [13,15–17], the ad hoc chiral condition is usually
imposed on the fermions in order to produce chiral Yukawa couplings. However, if we consider the
NCG model as a model with an extra dimension, especially with several branes [21], these chiral
fermions will generate a brane anomaly. This is a mirror fermion problem [31]. By the orbifold GUT
mechanism, we can eliminate themirror fermion in the proper situation. This enables us to implement
a new kind of theory in NCG: family unification in the extra dimension [9].
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